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Vector Identity 3

(a× b) · (c× d) = (a · c)(b · d)− (a · d)(b · c)

Proof

Let A = a, B = b, C = c, and D = d.

(A×B) · (C×D) =

( 3∑
i=1

δiAi

)
×

 3∑
j=1

δjBj

 ·
[(

3∑
k=1

δkCk

)
×

(
3∑

l=1

δlDl

)]

=

 3∑
i=1

3∑
j=1

(δi × δj)AiBj

 ·
[

3∑
k=1

3∑
l=1

(δk × δl)CkDl

]

=

 3∑
i=1

3∑
j=1

3∑
m=1

δmεmijAiBj

 ·
(

3∑
k=1

3∑
l=1

3∑
n=1

δnεnklCkDl

)

=

3∑
i=1

3∑
j=1

3∑
k=1

3∑
l=1

3∑
m=1

3∑
n=1

(δm · δn)εmijεnklAiBjCkDl

=
3∑

i=1

3∑
j=1

3∑
k=1

3∑
l=1

3∑
m=1

3∑
n=1

δmnεmijεnklAiBjCkDl

=

3∑
i=1

3∑
j=1

3∑
k=1

3∑
l=1

3∑
m=1

εmijεmklAiBjCkDl

=
3∑

i=1

3∑
j=1

3∑
k=1

3∑
l=1

(δikδjl − δilδjk)AiBjCkDl

=

3∑
i=1

3∑
j=1

3∑
k=1

3∑
l=1

δikδjlAiBjCkDl −
3∑

i=1

3∑
j=1

3∑
k=1

3∑
l=1

δilδjkAiBjCkDl

=
3∑

i=1

3∑
j=1

3∑
k=1

δikAiBjCkDj −
3∑

i=1

3∑
j=1

3∑
l=1

δilAiBjCjDl

=

3∑
i=1

3∑
j=1

AiBjCiDj −
3∑

i=1

3∑
j=1

AiBjCjDi

=

(
3∑

i=1

AiCi

) 3∑
j=1

BjDj

−

(
3∑

i=1

AiDi

) 3∑
j=1

BjCj


= (A ·C)(B ·D)− (A ·D)(B ·C)
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